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Abstract
In this article, we illustrate how to calculate the hadronic coupling constants of the pen-
taquark states with the QCD sum rules based on solid quark-hadron quality, then study
the hadronic coupling constants of the lowest diquark-diquark-antiquark type hidden-charm
pentaquark state with the spin-parity JP = 1
2
−
in details, and calculate the partial decay
widths. The total width Γ(Pc) = 14.32MeV is compatible with the experimental value
ΓPc(4312) = 9.8±2.7+3.7−4.5 MeV from the LHCb collaboration, and favors assigning the Pc(4312)
to be the [ud][uc]c¯ pentaquark state with the JP = 1
2
−
. The hadronic coupling constants have
the relation |G
PD−Σ++c
| = √2|G
PD¯0Σ+c
| ≫ |G
PD¯0Λ+c
|, and favor the hadronic dressing mech-
anism. The Pc(4312) maybe have a diquark-diquark-antiquark type pentaquark core with the
typical size of the qqq baryon states, the strong couplings to the meson-baryon pairs D¯Σc lead
to some pentaquark molecule components, and the Pc(4312) maybe spend a large time as the
D¯Σc molecular state.
PACS number: 12.39.Mk, 14.20.Lq, 12.38.Lg
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1 Introduction
In 2015, the LHCb collaboration observed two pentaquark or pentaquark molecule candidates
Pc(4380) and Pc(4450) in the J/ψp invariant mass spectrum in the Λ
0
b → J/ψK−p decays [1]. In
2019, also in the J/ψp invariant mass spectrum, the LHCb collaboration observed a new narrow
pentaquark or pentaquark molecule candidate Pc(4312) and confirmed the old structure Pc(4450),
which consists of two narrow overlapping peaks Pc(4440) and Pc(4457) [2]. There have been
several possible interpretations for the nature of the Pc(4312), Pc(4440) and Pc(4457), such as
the pentaquark molecular states [3, 4, 5, 6], compact diquark-diquark-antiquark type pentaquark
states or diquark-triquark type pentaquark states [7, 8, 9, 10, 11, 12], color-octet-color-octet type
pentaquark states [13], hadrocharmonium pentaquark states [14], etc.
In Refs.[8, 9], we perform comprehensive investigations of the spin-parity JP = 12
±
, 32
±
and
5
2
±
diquark-diquark-antiquark type hidden-charm pentaquark states with the QCD sum rules by
carrying out the operator product expansion up to the vacuum condensates of dimension 10 in a
consistent way, and reproduce the experimental values of the masses of the Pc(4380) and P (4450) as
the compact pentaquark states with the spin-parity JP = 32
−
and 52
+
, respectively. Furthermore,
we obtain the lowest masses 4.29 ± 0.13GeV and 4.30 ± 0.13GeV for the scalar-diquark–scalar-
diquark-antiquark type and scalar-diquark-axialvector-diquark-antiquark type hidden-charm pen-
taquark states with the spin-parity JP = 12
−
, respectively [9], which are consistent with the mass of
the Pc(4312) observed later by the LHCb collaboration [2]. Then we update the analysis by taking
into account the vacuum condensates up to dimension 13 in a consistent way [11], and obtain more
flatter platforms and better predictions. The new analysis indicates that the lowest scalar-diquark–
scalar-diquark-antiquark type and axialvector-diquark-axialvector-diquark-antiquark type compact
hidden-charm pentaquark states with the spin-parity JP = 12
−
have the masses 4.31 ± 0.11GeV
and 4.34± 0.14GeV, respectively, which are all consistent with the mass of the Pc(4312).
On the other hand, in Ref.[4], we perform detailed investigations of the D¯Σc, D¯Σ
∗
c , D¯
∗Σc and
D¯∗Σ∗c pentaquark molecular states with the QCD sum rules by carrying out the operator product
1E-mail: zgwang@aliyun.com.
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expansion up to the vacuum condensates of dimension 13 in a consistent way. The theoretical
predications favor assigning the Pc(4312) to be the D¯Σc pentaquark molecular state with the
spin-parity JP = 12
−
, assigning the Pc(4380) to be the D¯Σ
∗
c pentaquark molecular state with
the spin-parity JP = 32
−
, and assigning the Pc(4440/4457) to be the D¯
∗Σc pentaquark molecular
state with the spin-parity JP = 32
−
or the D¯∗Σ∗c pentaquark molecular state with the spin-parity
JP = 52
−
.
It is odd that the experimental values of the masses of the Pc(4312), Pc(4440) and Pc(4457)
can be reproduced both in the scenarios of the pentaquark states and pentaquark molecular states
with the QCD sum rules. In fact, the diquark-diquark-antiquark type local pentaquark current
with definite quantum numbers couples potentially to a definite compact pentaquark state, while
this local current can be re-arranged into a special superposition of a series of color-singlet-color-
singlet type currents, which couple potentially to the pentaquark molecular states or meson-baryon
scattering states with the same quantum numbers [11]. We cannot exclude the possibility that a
pentaquark state and a pentaquark molecular state with the same quantum numbers have about
the same masses.
We can borrow some ideas from the nature of the light flavor scalar mesons, which provide
a subject of an intense and continual controversy in establishing the meson spectrum, the more
elusive things are the quark configurations of the f0(980) and a0(980), which have almost the
degenerate masses. In the scenario of the hadronic dressing mechanism, the scalar mesons f0(980)
and a0(980) have small or large qq¯ cores of the typical qq¯ meson size, or large [qq]3¯[q¯q¯]3 cores in
the relative S-wave with some qq¯ components in the relative P-wave, the bare qq¯ or [qq]3¯[q¯q¯]3 cores
are dressed by the hadronic interactions with the pseudoscalar mesons, the strong couplings to the
hadronic channels enrich the pure qq¯ or [qq]3¯[q¯q¯]3 states with other components and spend part
or most part of their lifetime as the virtual K+K− or K¯0K0 states [15, 16, 17, 18]. The QCD
sum rules indicate that the nonet scalar mesons below 1GeV are the two-quark-tetraquark mixing
states with large or small two-quark components [19, 20]. Without introducing mixing effects in
one way or the other, it is difficult to reproduce the experimental values of the masses of the nonet
scalar mesons below 1GeV [21, 22]. In summary, the QCD sum rules favor the hadronic dressing
mechanism [18, 19, 20].
The hadronic dressing mechanism also works in interpreting the exotic X , Y and Z states. In
Ref.[23], we choose the [sc]P [s¯c¯]A − [sc]A[s¯c¯]P type tetraquark current to study the strong decays
of the Y (4660) with the QCD sum rules based on solid quark-hadron quality. The numerical
values indicate that the hadronic coupling constants |GY ψ′f0 | ≫ |GY J/ψf0 |, which is consistent
with the fact that the Y (4660) is observed in the ψ′π+π− invariant mass distribution, and favors
the ψ′f0(980) molecule assignment [24]. Similar mechanism maybe exist for the pentaquark states
and pentaquark molecular states.
In the article, we study the hadronic coupling constants of the lowest scalar-diquark-scalar-
diquark-antiquark type hidden-charm pentaquark state with the QCD sum rules base on the solid
quark-hadron duality, and study its two-body strong decays, and examine the hadronic dressing
mechanism for the compact pentaquark states, and compromise the scenarios of the pentaquark
states and pentaquark molecular states.
The article is arranged as follows: in Sect.2, we illustrate how to calculate the hadronic coupling
constants of the hidden-charm pentaquark states with the QCD sum rules based on the solid quark-
hadron quality; in Sect.3, we derive the QCD sum rules for the hadronic coupling constants of the
lowest hidden-charm pentaquark state with the spin-parity JP = 12
−
; in Sect.4, we present the
numerical results and discussions; and Sect.5 is reserved for our conclusion.
2
2 The hadronic coupling constants of the hidden-charm pen-
taquark states
In this section, we illustrate how to calculate the hadronic coupling constants of the hidden-charm
pentaquark states with the QCD sum rules. Firstly, let us write down the three-point correlation
functions Π(p, q),
Π(p, q) = i2
∫
d4xd4yeipxeiqy〈0|T {JM (x)JB(y)J¯P (0)} |0〉 , (1)
where J¯P (0) = J
†
P (0)γ
0, the current JP (0) interpolates the hidden-charm pentaquark state Pc, the
JM (x) and JB(y) interpolate the conventional meson M and baryon B, respectively,
〈0|JP (0)|Pc(p′)〉 = λPU(p′, s) ,
〈0|JM (0)|M(p)〉 = λM ,
〈0|JB(0)|B(q)〉 = λBU(q, s) , (2)
the λA, λB and λC are the pole residues or decay constants, the U(p
′, s) and U(q, s) are the Dirac
spinors.
At the hadron side, we insert a complete set of intermediate hadronic states with the same
quantum numbers as the current operators J¯P (0), JM (x), JB(y) into the three-point correlation
functions Π(p, q) and isolate the ground state contributions to obtain the result [25, 26],
Π(p, q) = −iλPλMλB (6q +mB)GPMBΓ (6p
′ +mP )
(m2M − p2)(m2B − q2)(m2P − p′2)
+ · · · , (3)
where p′ = p+ q, the GPMB are the hadronic coupling constants defined by
〈M(p)B(q)|Pc(p′)〉 = GPMBU(q)ΓU(p′) , (4)
the Γ are some Dirac γ-matrixes.
In the QCD sum rules, we take the quark-hadron duality to match the hadron representation
with the QCD representation of the correlation functions,
ΠH(p, q) = ΠQCD(p, q) , (5)
where we add the subscriptsH andQCD to denote the hadron side and QCD side of the correlation
functions, respectively. We expect the relation
1
4
Tr [ΠH(p, q)Γ
′] =
1
4
Tr [ΠQCD(p, q)Γ
′] , (6)
survives, the Γ′ are some Dirac γ-matrixes. If we choose Γ = 1 and Γ′ = σµν , then
1
4
Tr [ΠH(p, q)σµν ] = ΠH(p
′2, p2, q2) (pµqν − pνqµ) ,
1
4
Tr [ΠQCD(p, q)σµν ] = ΠQCD(p
′2, p2, q2) (pµqν − pνqµ) , (7)
where the ΠH(p
′2, p2, q2) and ΠQCD(p
′2, p2, q2) are the relevant components of the correlation
functions Π(p, q) we want to study at the hadron side and QCD side, respectively. Let us write
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down the components ΠH(p
′2, p2, q2) explicitly,
ΠH(p
′2, p2, q2) =
λPλMλBGPMB
(m2M − p2)(m2B − q2)(m2P − p′2)
+
1
(m2M − p2)(m2P − p′2)
∫ ∞
s0B
dt
ρPB′(p
′2, p2, t)
t− q2
+
1
(m2B − q2)(m2P − p′2)
∫ ∞
s0M
dt
ρPM ′ (p
′2, t, q2)
t− p2
+
1
(m2M − p2)(m2B − q2)
∫ ∞
s0P
dt
ρP ′M (t, p
2, q2) + ρP ′B(t, p
2, q2)
t− p′2 + · · · , (8)
the four functions ρPB′(p
′2, p2, t), ρPM ′(p
′2, t, q2), ρP ′M (t
′, p2, q2) and ρP ′B(t
′, p2, q2) parameterize
the complex couplings or transitions between the ground states and the higher resonances or the
continuum states.
We rewrite the correlation functions ΠH(p
′2, p2, q2) at the hadron side as
ΠH(p
′2, p2, q2) =
∫ s0P
(mM+mB)2
ds′
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρH(s
′, s, u)
(s′ − p′2)(s− p2)(u − q2)
+
∫ ∞
s0P
ds′
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρH(s
′, s, u)
(s′ − p′2)(s− p2)(u − q2) + · · · , (9)
through triple dispersion relation, where the ρH(s
′, s, u) are the hadronic spectral densities,
ρH(s
′, s, u) = lim
ǫ3→0
lim
ǫ2→0
lim
ǫ1→0
Ims′ Ims Imu ΠH(s
′ + iǫ3, s+ iǫ2, u+ iǫ1)
π3
, (10)
where the ∆2s and ∆
2
u are the thresholds, the s
0
P , s
0
M , s
0
B are the continuum thresholds.
Now we carry out the operator product expansion at the QCD side in the deep Euclidean region
P 2 = −p2 ≫ Λ2QCD and Q2 = −q2 ≫ Λ2QCD. However, we cannot write the correlation functions
ΠQCD(p
′2, p2, q2) in the form,
ΠQCD(p
′2, p2, q2) =
∫ s0P
(mM+mB)2
ds′
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(s
′, s, u)
(s′ − p′2)(s− p2)(u− q2)
+
∫ ∞
s0P
ds′
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(s
′, s, u)
(s′ − p′2)(s− p2)(u − q2) + · · · , (11)
through triple dispersion relation analogously, because the QCD spectral densities ρQCD(s
′, s, u)
cannot exist,
ρQCD(s
′, s, u) = lim
ǫ3→0
lim
ǫ2→0
lim
ǫ1→0
Ims′ Ims ImuΠQCD(s
′ + iǫ3, s+ iǫ2, u+ iǫ1)
π3
= 0 , (12)
and have to write the correlation functions ΠQCD(p
′2, p2, q2) in the form,
ΠQCD(p
′2, p2, q2) =
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(p
′2, s, u)
(s− p2)(u − q2) + · · · , (13)
through double dispersion relation, where the ρQCD(p
′2, s, u) are the QCD spectral densities,
ρQCD(p
′2, s, u) = lim
ǫ2→0
lim
ǫ1→0
Ims ImuΠQCD(p
′2, s+ iǫ2, u+ iǫ1)
π2
. (14)
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Henceforth we will write the QCD spectral densities ρQCD(p
′2, s, u) as ρQCD(s, u) for simplicity.
As the duality below the three continuum thresholds s0P , s
0
M and s
0
B cannot exist simultaneously,∫ s0P
(mM+mB)2
ds′
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρH(s
′, s, u)
(s′ − p′2)(s− p2)(u− q2)
6=
∫ s0P
(mM+mB)2
ds′
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(s
′, s, u)
(s′ − p′2)(s− p2)(u− q2) , (15)
we match the hadron side with the QCD side of the correlation functions Π(p′2, p2, q2) below two
continuum thresholds s0M and s
0
B simultaneously, and carry out the integral over ds
′ firstly to
obtain the solid duality [23, 27],∫ s0M
∆2s
ds
∫ s0B
∆2u
du
1
(s− p2)(u − q2)
[∫ ∞
∆2
ds′
ρH(s
′, s, u)
s′ − p′2
]
=
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(s, u)
(s− p2)(u − q2) ,
(16)
where ∆2 = (mM +mB)
2. Now let us write down the quark-hadron duality explicitly,∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(s, u)
(s− p2)(u − q2) =
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
∫ ∞
∆2
ds′
ρH(s
′, s, u)
(s′ − p′2)(s− p2)(u − q2)
=
λPλMλBGPMB
(m2P − p′2)(m2M − p2)(m2B − q2)
+
CP ′M + CP ′B
(m2M − p2)(m2B − q2)
,
(17)
where we introduce the parameters CP ′M and CP ′B to parameterize the net effects,
CP ′M =
∫ ∞
s0P
dt
ρP ′M (t, p
2, q2)
t− p′2 ,
CP ′B =
∫ ∞
s0P
dt
ρP ′B(t, p
2, q2)
t− p′2 . (18)
From Eq.(17), we can see that the duality below the continuum thresholds s0M and s
0
B is solid.
In numerical calculations, we can take the unknown functions CP ′M and CP ′B as free param-
eters, and choose the suitable values to delete the contaminations of the higher resonances and
continuum states to obtain the stable QCD sum rules. The parameters CP ′M and CP ′B are not
necessary to be constants, they maybe depend on the Borel parameters, as there are complex
interactions or transitions between the ground states and the higher resonances or the continuum
states, after the double Borel transform, some net Borel parameter dependence may be induced.
If the M is a charmonium or bottomnium state and the B is a light flavor baryon state, we
set p′2 = p2 and perform the double Borel transform with respect to the variables P 2 = −p2 and
Q2 = −q2 respectively to obtain the QCD sum rules,
λPλMλBGPMB
m2P −m2M
[
exp
(
−m
2
M
T 21
)
− exp
(
−m
2
P
T 21
)]
exp
(
−m
2
B
T 22
)
+
(CP ′M + CP ′B) exp
(
−m
2
M
T 21
− m
2
B
T 22
)
=
∫ s0M
∆2s
ds
∫ s0B
∆2u
du ρQCD(s, u) exp
(
− s
T 21
− u
T 22
)
,
(19)
where the T 21 and T
2
2 are the Borel parameters. If the M is a heavy meson and the B is a heavy
baryon state, we set p′2 = 4q2 and perform the double Borel transform with respect to the variables
5
P 2 = −p2 and Q2 = −q2 respectively to obtain the QCD sum rules,
λPλMλBGPMB
4 (m˜2P −m2B)
[
exp
(
−m
2
B
T 22
)
− exp
(
−m˜
2
P
T 22
)]
exp
(
−m
2
M
T 21
)
+
(CP ′M + CP ′B) exp
(
−m
2
B
T 22
− m
2
M
T 21
)
=
∫ s0M
∆2s
ds
∫ s0B
∆2u
du ρQCD(s, u) exp
(
− s
T 21
− u
T 22
)
,
(20)
where m˜2P =
m2P
4 .
3 QCD sum rules for the hadronic coupling constants of the
lowest hidden-charm pentaquark state with JP = 12
−
In the following, we write down the three-point correlation functions Π(p, q) and Πµ(p, q) in the
QCD sum rules,
Π(p, q) = i2
∫
d4xd4yeip·xeiq·y〈0|T {JM (x)JB(y)J¯P (0)} |0〉 , (21)
Πµ(p, q) = i
2
∫
d4xd4yeip·xeiq·y〈0|T {Jµ(x)JN (y)J¯P (0)} |0〉 , (22)
where JM (x) = Jηc(x), JD¯0(x), JD−(x), JB(y) = JΛ+c (y), JΣ++c (y), JΣ+c (y), JN (y),
Jηc(x) = c¯(x)iγ5c(x) ,
JD¯0(x) = c¯(x)iγ5u(x) ,
JD−(x) = c¯(x)iγ5d(x) ,
Jµ(x) = c¯(x)γµc(x) , (23)
JΛ+c (y) = ε
ijkuTi (y)Cγ5dj(y) ck(y) ,
JΣ++c (y) = ε
ijkuTi (y)Cγαuj(y) γ
αγ5ck(y) ,
JΣ+c (y) = ε
ijkuTi (y)Cγαdj(y) γ
αγ5ck(y) ,
JN (y) = ε
ijkuTi (y)Cγαuj(y) γ
αγ5dk(y) , (24)
JP (0) = ε
ilaεijkεlmnuTj (0)Cγ5dk(0)u
T
m(0)Cγ5cn(0)Cc¯
T
a (0) , (25)
the a, i, j, · · · are color indices. We choose the currents Jηc(x), JD¯0(x), JD−(x), Jµ(x), JΛ+c (y),
JΣ++c (y), JΣ+c (y), JN (y) and JP (0) to interpolate the ηc, D¯
0, D−, J/ψ, Λ+c , Σ
++
c , Σ
+
c , p and Pc,
respectively. Henceforth we will write the proton as N instead of p to avoid confusing with the
four momentum pµ.
At the hadron side, we insert a complete set of intermediate hadron states with the same quan-
tum numbers as the current operators Jηc(x), JD¯0(x), JD−(x), Jµ(x), JΛ+c (y), JΣ+c (y), JΣ++c (y),
JN (y) and J¯P (0) into the correlation functions Π(p, q) and Πµ(p, q) respectively to obtain the
hadronic representation [25, 26], then we isolate the ground state contributions and write them
explicitly,
ΠPηcN (p, q) =
fηcm
2
ηcλPλN
2mc
−i (6q +mN ) (6p′ +mP )
(m2P − p′2)
(
m2ηc − p2
)
(m2N − q2)
GPηcN + · · · , (26)
6
ΠPD¯0Λ+c (p, q) =
fDm
2
DλPλΛc
mc
−i (6q +mΛc) (6p′ +mP )
(m2P − p′2) (m2D − p2)
(
m2Λc − q2
)GPD¯0Λ+c + · · · , (27)
ΠPD¯0Σ+c (p, q) =
fDm
2
DλPλΣ+c
mc
−i (6q +mΣc) (6p′ +mP )
(m2P − p′2) (m2D − p2)
(
m2Σc − q2
)GPD¯0Σ+c + · · · , (28)
ΠPD−Σ++c (p, q) =
fDm
2
DλPλΣ++c
mc
−i (6q +mΣc) (6p′ +mP )
(m2P − p′2) (m2D − p2)
(
m2Σc − q2
)GPD−Σ++c + · · · , (29)
Πµ(p, q) = fJ/ψmJ/ψλPλN
− (6q +mN)
(
GV γ
α − i GTmP+mN σαβpβ
)
γ5 (6p′ +mP )
(m2P − p′2)
(
m2J/ψ − p2
)
(m2N − q2)(
−gµα + pµpα
p2
)
+ · · · , (30)
where we introduce the subscripts PηcN , PD¯
0Λ+c , PD¯
0Σ+c and PD
−Σ++c in the correlation func-
tions Π(p, q) to distinguish the corresponding hadronic coupling constants, and have taken the
standard definitions for the pole residues or decay constants λP , λN , λΛc , λΣc , fηc , fD, fJ/ψ,
〈0|J(0)|Pc(p′)〉 = λPU(p′, s) ,
〈0|JN (0)|N(q)〉 = λNU(q, s) ,
〈0|JΛc(0)|Λc(q)〉 = λΛcU(q, s) ,
〈0|JΣc(0)|Σc(q)〉 = λΣcU(q, s) ,
〈0|Jηc(0)|ηc(p)〉 =
fηcm
2
ηc
2mc
,
〈0|JD(0)|D(p)〉 = fDm
2
D
mc
,
〈0|Jµ(0)|J/ψ(p)〉 = fJ/ψmJ/ψεµ(p, s) , (31)
and the hadronic coupling constants GPηcN , GPD¯0Λ+c , GPD¯0Σ+c , GPD−Σ++c , GV and GT ,
〈ηc(p)N(q)|Pc(p′)〉 = GPηcN U(q)U(p′) ,
〈D¯0(p)Λ+c (q)|Pc(p′)〉 = GPD¯0Λ+c U(q)U(p′) ,
〈D¯0(p)Σ+c (q)|Pc(p′)〉 = GPD¯0Σ+c U(q)U(p′) ,
〈D−(p)Σ++c (q)|Pc(p′)〉 = GPD−Σ++c U(q)U(p′) ,
〈J/ψ(p)N(q)|Pc(p′)〉 = −iU(q)ε∗α
(
GV γ
α − i GT
mP +mN
σαβpβ
)
γ5U(p
′) , (32)
the U(p′, s), U(p, s) and U(q, s) are the Dirac spinors, and the εµ is the polarization vector of the
J/ψ.
In this article, we choose Γ′ = σµν , γ5 6 z, γ5 in Eq.(6), and carry out the traces in the Dirac
spinor space,
1
4
Tr [ΠH(p, q)σµν ] = ΠH(p
′2, p2, q2) (pµqν − qµpν) + · · · ,
1
4
Tr
[
ΠHµ (p, q)γ5 6z
]
= Π1H(p
′2, p2, q2) qµp · z + · · · ,
1
4
Tr
[
ΠHµ (p, q)γ5
]
= Π2H(p
′2, p2, q2) qµ + · · · , (33)
7
and choose the tensor structures pµqν − qµpν , qµp · z and qµ to study the hadronic coupling
constants, where the zµ is a four vector. We neglect the explicit expressions of the correlation
functions ΠH(p
′2, p2, q2), Π1H(p
′2, p2, q2) and Π2H(p
′2, p2, q2) at the hadron side for simplicity.
At the QCD side of the correlation functions, we carry out the operator product expansion
up to the vacuum condensates of dimension-10, the interval of the vacuum condensates is large
enough to obtain stable QCD sum rules. Moreover, we assume vacuum saturation for the higher
dimensional vacuum condensates. As the vacuum condensates are vacuum expectations of the
quark-gluon operators, we take the truncations O(αks ) with n ≤ 10 and k ≤ 1 in a consistent way,
and write (components of) the correlation functions ΠQCD(p
′2, p2, q2) as
ΠQCD(p
′2, p2, q2) =
∫ s0M
∆2s
ds
∫ s0B
∆2u
du
ρQCD(s, u)
(s− p2)(u − q2) + · · · , (34)
through double dispersion relation, where the ΠQCD(p
′2, p2, q2) represent the corresponding cor-
relation functions of the ΠH(p
′2, p2, q2), Π1H(p
′2, p2, q2) and Π2H(p
′2, p2, q2) at the QCD side collec-
tively.
Now we match the hadron side with the QCD side of the correlation functions Π(p′2, p2, q2), and
carry out the integral over ds′ firstly to obtain the solid duality, then write down the quark-hadron
duality explicitly,∫ s0ηc
4m2c
ds
∫ s0N
0
du
ρηcNQCD(s, u)
(s− p2)(u− q2) =
fηcm
2
ηcλPλN
2mc
GPηcN
(m2P − p′2)
(
m2ηc − p2
)
(m2N − q2)
+
CP ′ηc + CP ′N
(m2ηc − p2)(m2N − q2)
, (35)
∫ s0D
m2c
ds
∫ s0Λc
m2c
du
ρ
D¯0Λ+c
QCD (s, u)
(s− p2)(u− q2) =
fDm
2
DλPλΛc
mc
GPD¯0Λ+c
(m2P − p′2) (m2D − p2)
(
m2Λc − q2
)
+
CP ′D¯0 + CP ′Λ+c
(m2D − p2)(m2Λc − q2)
, (36)
∫ s0D
m2c
ds
∫ s0Σc
m2c
du
ρ
D¯0Σ+c
QCD (s, u)
(s− p2)(u− q2) =
fDm
2
DλPλΣ+c
mc
GPD¯0Σ+c
(m2P − p′2) (m2D − p2)
(
m2Σc − q2
)
+
CP ′D¯0 + CP ′Σ+c
(m2D − p2)(m2Σc − q2)
, (37)
∫ s0D
m2c
ds
∫ s0Σc
m2c
du
ρ
D−Σ++c
QCD (s, u)
(s− p2)(u− q2) =
fDm
2
DλPλΣ++c
mc
GPD−Σ++c
(m2P − p′2) (m2D − p2)
(
m2Σc − q2
)
+
CP ′D− + CP ′Σ++c
(m2D − p2)(m2Σc − q2)
, (38)
∫ s0J/ψ
4m2c
ds
∫ s0N
0
du
ρ
J/ψN,1
QCD (s, u)
(s− p2)(u − q2) = fJ/ψmJ/ψλPλN
GT −GV
(m2P − p′2)
(
m2J/ψ − p2
)
(m2N − q2)
+
CP ′J/ψ,1 + CP ′N,1
(m2J/ψ − p2)(m2N − q2)
, (39)
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∫ s0J/ψ
4m2c
ds
∫ s0N
0
du
ρ
J/ψN,2
QCD (s, u)
(s− p2)(u − q2) = fJ/ψmJ/ψλPλN
(mP −mN )GV −GT m
2
J/ψ
mP+mN
(m2P − p′2)
(
m2J/ψ − p2
)
(m2N − q2)
+
CP ′J/ψ,2 + CP ′N,2
(m2J/ψ − p2)(m2N − q2)
, (40)
where the parameters CP ′ηc+CP ′N , CP ′D¯0+CP ′Λ+c , CP ′D¯0+CP ′Σ+c , CP ′D−+CP ′Σ++c , CP ′J/ψ,1+
CP ′N,1 and CP ′J/ψ,2 + CP ′N,2 are defined according to Eq.(18).
We perform double Borel transform with respect to the variables P 2 = −p2 and Q2 = −q2
respectively according to Eqs.(19)-(20) to obtain the QCD sum rules,
fηcm
2
ηcλPλN
2mc
GPηcN
m2P −m2ηc
[
exp
(
−m
2
ηc
T 21
)
− exp
(
−m
2
P
T 21
)]
exp
(
−m
2
N
T 22
)
+
(CP ′ηc + CP ′N ) exp
(
−m
2
ηc
T 21
− m
2
N
T 22
)
=
∫ s0ηc
4m2c
ds
∫ s0N
0
du ρηcNQCD(s, u) exp
(
− s
T 21
− u
T 22
)
,
(41)
fDm
2
DλPλΛc
4mc
GPD¯0Λ+c
m˜2P −m2Λc
[
exp
(
−m
2
Λc
T 22
)
− exp
(
−m˜
2
P
T 22
)]
exp
(
−m
2
D
T 21
)
+
(
CP ′D¯0 + CP ′Λ+c
)
exp
(
−m
2
Λc
T 22
− m
2
D
T 21
)
=
∫ s0D
m2c
ds
∫ s0Λc
m2c
du ρ
D¯0Λ+c
QCD (s, u) exp
(
− s
T 21
− u
T 22
)
,
(42)
fDm
2
DλPλΣ+c
4mc
GPD¯0Σ+c
m˜2P −m2Σc
[
exp
(
−m
2
Σc
T 22
)
− exp
(
−m˜
2
P
T 22
)]
exp
(
−m
2
D
T 21
)
+
(
CP ′D¯0 + CP ′Σ+c
)
exp
(
−m
2
Σc
T 22
− m
2
D
T 21
)
=
∫ s0D
m2c
ds
∫ s0Σc
m2c
du ρ
D¯0Σ+c
QCD (s, u) exp
(
− s
T 21
− u
T 22
)
,
(43)
fDm
2
DλPλΣ++c
4mc
GPD−Σ++c
m˜2P −m2Σc
[
exp
(
−m
2
Σc
T 22
)
− exp
(
−m˜
2
P
T 22
)]
exp
(
−m
2
D
T 21
)
+
(
CP ′D− + CP ′Σ++c
)
exp
(
−m
2
Σc
T 22
− m
2
D
T 21
)
=
∫ s0D
m2c
ds
∫ s0Σc
m2c
du ρ
D−Σ++c
QCD (s, u) exp
(
− s
T 21
− u
T 22
)
,
(44)
fJ/ψmJ/ψλPλN
GV/T
m2P −m2J/ψ
[
exp
(
−
m2J/ψ
T 21
)
− exp
(
−m
2
P
T 21
)]
exp
(
−m
2
N
T 22
)
+
CV/T exp
(
−
m2J/ψ
T 21
− m
2
N
T 22
)
=
∫ s0J/ψ
4m2c
ds
∫ s0N
0
du ρ
V/T
QCD(s, u) exp
(
− s
T 21
− u
T 22
)
, (45)
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CV =
[
m2J/ψ
mP +mN
(
CP ′J/ψ,1 + CP ′N,1
)
+
(
CP ′J/ψ,2 + CP ′N,2
)] mP +mN
m2P −m2J/ψ −m2N
,
CT =
[
(mP −mN )
(
CP ′J/ψ,1 + CP ′N,1
)
+
(
CP ′J/ψ,2 + CP ′N,2
)] mP +mN
m2P −m2J/ψ −m2N
,
ρVQCD(s, u) =
[
m2J/ψ
mP +mN
ρ
J/ψN,1
QCD (s, u) + ρ
J/ψN,2
QCD (s, u)
]
mP +mN
m2P −m2J/ψ −m2N
,
ρTQCD(s, u) =
[
(mP −mN ) ρJ/ψN,1QCD (s, u) + ρJ/ψN,2QCD (s, u)
] mP +mN
m2P −m2J/ψ −m2N
, (46)
in the isospin limit, λΣ++c =
√
2λΣ+c , ρ
D−Σ++c
QCD (s, u) = 2ρ
D¯0Σ+c
QCD (s, u), then we can obtain the rela-
tion GPD−Σ++c =
√
2GPD¯0Σ+c , and neglect the QCD sum rules in Eq.(44) in numerical calcula-
tions, the explicit expressions of the QCD spectral densities ρηcNQCD(s, u), ρ
D¯0Λ+c
QCD (s, u), ρ
D¯0Σ+c
QCD (s, u),
ρ
J/ψN,1
QCD (s, u) and ρ
J/ψN,2
QCD (s, u) are given in the Appendix. Moreover, we set the two Borel param-
eters to be T 21 = T
2
2 = T
2 for simplicity.
4 Numerical results and discussions
At the hadron side, we take the hadronic parameters as mJ/ψ = 3.0969GeV, mN = 0.93827GeV,
mηc = 2.9839GeV, mD¯0 = 1.86484GeV, mΛc = 2.28646GeV, mΣc = 2.4529GeV from the Particle
Data Group [28], and
√
s0J/ψ = 3.6GeV,
√
s0ηc = 3.5GeV,
√
s0N = 1.3GeV, fJ/ψ = 0.418GeV,
fηc = 0.387GeV [29],
√
s0D = 2.5GeV, fD = 0.208GeV [30], λN = 0.032GeV
3 [31],
√
s0Λc =
3.1GeV, λΛc = 0.022GeV
3 [32],
√
s0Σc = 3.2GeV, λΣ+c = 0.045GeV
3 [33], mP = 4.31GeV,
λP = 1.40× 10−3GeV6 [11] from the QCD sum rules.
At the QCD side, we take the standard values of the vacuum condensates 〈q¯q〉 = −(0.24 ±
0.01GeV)3, 〈q¯gsσGq〉 = m20〈q¯q〉, m20 = (0.8± 0.1)GeV2, 〈αsGGπ 〉 = (0.33GeV)4 at the energy scale
µ = 1GeV [26, 25, 34], and choose the MS mass mc(mc) = (1.275± 0.025)GeV from the Particle
Data Group [28]. Moreover, we take into account the energy-scale dependence of the parameters,
〈q¯q〉(µ) = 〈q¯q〉(1GeV)
[
αs(1GeV)
αs(µ)
] 12
25
,
〈q¯gsσGq〉(µ) = 〈q¯gsσGq〉(1GeV)
[
αs(1GeV)
αs(µ)
] 2
25
,
mc(µ) = mc(mc)
[
αs(µ)
αs(mc)
] 12
25
,
αs(µ) =
1
b0t
[
1− b1
b20
log t
t
+
b21(log
2 t− log t− 1) + b0b2
b40t
2
]
, (47)
where t = log µ
2
Λ2 , b0 =
33−2nf
12π , b1 =
153−19nf
24π2 , b2 =
2857− 5033
9
nf+
325
27
n2f
128π3 , Λ = 210MeV, 292MeV
and 332MeV for the flavors nf = 5, 4 and 3, respectively [28, 35], and evolve all the parameters
to the acceptable energy scale µ with nf = 4 to extract the hadronic coupling constants GPηcN ,
GPD¯0Λ+c , GPD¯0Σ+c , GV and GT .
The best energy scale of the QCD spectral density in the QCD sum rules for the lowest diquark-
diquark-antiquark type hidden-charm pentaquark state with the spin-parity JP = 12
−
is µ =
10
2.3GeV [6], which is fixed by the energy scale formula µ =
√
M2X/Y/Z/P − (2Mc)2 with the effective
c-quark mass Mc = 1.82GeV in the case of the constituents are the charmed diquark states in the
color antitriplet [36, 37]. The energy scale µ = 2.3GeV is tool large in the QCD sum rules for
the mesons ηc, D¯
0, D−, J/ψ and baryons Λ+c , Σ
++
c , Σ
+
c , N . In this article, we take the energy
scales of the QCD spectral densities to be µ =
mηc
2 = 1.5GeV, which is acceptable for the charmed
mesons and charmonium states at least based on our previous studies [38].
We choose the values of the free parameters as CP ′ηc +CP ′N = −1.167× 10−5GeV9, CP ′D¯0 +
CP ′Λ+c = 1.24× 10−6GeV
7T 2, CP ′D¯0 + CP ′Σ+c = −5.14× 10−6GeV
7T 2, CV = 2.406× 10−5GeV9,
CT = 4.12× 10−6GeV8
√
T 2 to obtain flat platforms in the Borel windows T 2 = (4.7− 5.7)GeV2,
(2.3− 3.1)GeV2, (1.9− 2.7)GeV2, (3.5− 4.5)GeV2 and (3.1− 4.1)GeV2 for the hadronic coupling
constants GPηcN , GPD¯0Λ+c , GPD¯0Σ+c , GV and GT , respectively. We fit those values to obtain the
same intervals of the flat platforms T 2max−T 2min = 1.0GeV2 and 0.8GeV2 for the hadronic coupling
constants GPMB with M = charmonium states and D mesons, respectively [23, 27], where the
T 2max and T
2
min are the maximum and minimum of the Borel parameters, respectively.
Finally, we take into account the uncertainties of the input parameters, and obtain the values
of the hadronic coupling constants GPηcN , GPD¯0Λ+c , GPD¯0Σ+c , GV and GT , which are shown in
Fig.1,
GPηcN = − (0.40± 0.50) ,
GPD¯0Λ+c = 0.24± 0.18 ,
GPD¯0Σ+c = − (1.15± 0.36) ,
GV = 0.35± 0.94 ,
GT = 0.11± 0.30 . (48)
As the uncertainties of the hadronic coupling constants are very large, we choose the central
values to calculate the partial decay widths as a crude estimation,
Γ (Pc → ηcN) = 31.3972G2PηcN MeV = 5.02MeV ,
Γ
(
Pc → D¯0Λ+c
)
= 49.4472G2
PD¯0Λ+c
MeV = 2.85MeV ,
Γ (Pc → J/ψN) = 29.5806G2T − 97.1516GVGT + 80.2825G2V = 6.45 MeV . (49)
If we saturate the decay width of the Pc with the two-body strong decays to the ηcN , D¯
0Λ+c and
J/ψN , we can obtain the total width Γ(Pc) = 14.32MeV, which is compatible with the experimen-
tal value ΓPc(4312) = 9.8± 2.7+3.7−4.5 MeV from the LHCb collaboration [2]. The present calculations
support assigning the Pc(4312) to be the diquark-diquark-antiquark type hidden-charm pentaquark
state with the spin-parity JP = 12
−
. The Pc(4312) maybe have a diquark-diquark-antiquark type
pentaquark core with the typical size of the qqq type baryon states, the strong couplings to the
meson-baryon pairs D¯0Σ+c and D¯
−Σ++c lead to some pentaquark molecule components accord-
ing to the large hadronic coupling constants |GPD¯−Σ++c | =
√
2|GPD¯0Σ+c | ≫ |GPD¯0Λ+c |, and the
Pc(4312) maybe spend a large time as the D¯
0Σ+c and D¯
−Σ++c molecular states, just in the case of
the f0(980), a0(980) and Y (4660). In Ref.[6], we assign the Pc(4312) to be the D¯Σc pentaquark
molecular state with the spin-parity JP = 12
−
tentatively, and explore its two-body strong decays
with the QCD sum rules, and obtain the partial decay widths Γ (Pc(4312)→ ηcN) = 0.255MeV
and Γ (Pc(4312)→ J/ψN) = 9.296 MeV. The Pc(4312) has quite different branching fractions
in the scenarios of the pentaquark state and pentaquark molecular state. We can search for the
Pc(4312) in the ηcN , D¯
0Λ+c and J/ψN invariant mass spectrum, and measure the branching frac-
tions Br
(
Pc(4312)→ ηcN, D¯0Λ+c , J/ψN
)
precisely, which maybe shed light on the nature of the
Pc(4312) unambiguously and test the predictions of the QCD sum rules.
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Figure 1: The hadronic coupling constants with variations of the Borel parameters T 2, where the
(I), (II), (III), (IV) and (V) correspond to the GPηcN , GPD¯0Λ+c , GPD¯0Σ+c , GV and GT , respectively.
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5 Conclusion
In this article, we illustrate how to calculate the hadronic coupling constants of the hidden-charm
pentaquark states with the QCD sum rules based on solid quark-hadron quality, then study the
hadronic coupling constants of the lowest diquark-diquark-antiquark type pentaquark state with
the spin-parity JP = 12
−
in a consistent way. The predicted width Γ(Pc) = 14.32MeV is compatible
with the experimental data ΓPc(4312) = 9.8±2.7+3.7−4.5 MeV from the LHCb collaboration, and favors
assigning the Pc(4312) to be the [ud][uc]c¯ type compact pentaquark state with the spin-parity
JP = 12
−
. The Pc(4312) maybe have a diquark-diquark-antiquark type pentaquark core with the
typical size of the qqq type baryon states, the strong couplings to the meson-baryon pairs D¯0Σ+c and
D¯−Σ++c lead to some pentaquark molecule components according to the large hadronic coupling
constants |GPD−Σ++c | =
√
2|GPD¯0Σ+c | ≫ |GPD¯0Λ+c |, just in the case of the f0(980), a0(980) and
Y (4660). The Pc(4312) has quite different branching fractions in the scenarios of the pentaquark
state and pentaquark molecular state, we can distinguish the two scenarios unambiguously by
measuring the branching fractions Br
(
Pc(4312)→ ηcN, D¯0Λ+c , J/ψN
)
precisely.
Appendix
The explicit expressions of the QCD spectral densities ρηcNQCD(s, u), ρ
D¯0Λ+c
QCD (s, u), ρ
D¯0Σ+c
QCD (s, u), ρ
J/ψN,1
QCD (s, u)
and ρ
J/ψN,2
QCD (s, u),
ρηcNQCD(s, u) = −
mc
2048π6
∫ xf
xi
dxu2 − mc〈q¯q〉
2
12π2
∫ xf
xi
dx δ (u)
+
〈q¯gsσGq〉
4608π4
∫ xf
xi
dx (1 + x) u δ
(
s− m˜2c
)
+
7mc〈q¯q〉〈q¯gsσGq〉
192π2T 22
∫ xf
xi
dx δ (u)
−mc〈q¯q〉〈q¯gsσGq〉
72π2
∫ xf
xi
dx
1
x
δ
(
s− m˜2c
)
δ(u)
+
m3c
18432π4T 41
〈αsGG
π
〉
∫ xf
xi
dx
u2
x3
δ
(
s− m˜2c
)
− mc
1024π4
〈αsGG
π
〉
∫ xf
xi
dx − mc
4608π4
〈αsGG
π
〉
∫ xf
xi
dx
1
x
u δ
(
s− m˜2c
)
+
mc
6144π4T 21
〈αsGG
π
〉
∫ xf
xi
dx
2x− 1
x2
u2δ
(
s− m˜2c
)
+
m3c
108T 41
〈q¯q〉2〈αsGG
π
〉
∫ xf
xi
dx
1
x3
δ
(
s− m˜2c
)
δ (u)
+
mc
36T 21
〈q¯q〉2〈αsGG
π
〉
∫ xf
xi
dx
2x− 1
x2
δ
(
s− m˜2c
)
δ (u)
− mc
432T 22
〈q¯q〉2〈αsGG
π
〉
∫ xf
xi
dx
1
x
δ
(
s− m˜2c
)
δ (u)
+
11mc〈q¯gsσGq〉2
9216π2T 22
∫ xf
xi
dx
1
x(1 − x) δ
(
s− m˜2c
)
δ(u)
−mc〈q¯gsσGq〉
2
1536π2T 21
∫ xf
xi
dx
1
x(1 − x) δ
(
s− m˜2c
)
δ(u) , (50)
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ρ
D¯0Λ+c
QCD (s, u) =
9mc
4096π6
∫ 1
xi
dx
∫ 1
yi
dy (1− x)y(1− y)2 (u− m˜2y)2
− 3〈q¯q〉
1024π4
∫ 1
yi
dy y(1− y)2δ (s−m2c) (u− m˜2y)2
+
m2c〈q¯q〉
128π4
∫ 1
xi
dx
∫ 1
yi
dy (1 − x)(1 − y)
+
〈q¯gsσGq〉
4096π4T 21
∫ 1
yi
dy y(1− y)2
(
4 +
s
T 21
)
δ
(
s−m2c
) (
u− m˜2y
)2
+
m2c〈q¯gsσGq〉
1024π4
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − 2y)
y
δ
(
u− m˜2y
)
+
3〈q¯gsσGq〉
8192π4
∫ 1
yi
dy (5y − 3)(1− y)δ (s−m2c) (u− m˜2y)
+
〈q¯gsσGq〉
6144π4
∫ 1
xi
dx
∫ 1
yi
dy y(1− y)(3u− s)δ (s− m˜2x)
−m
2
c〈q¯gsσGq〉
12288π4
∫ 1
xi
dx
∫ 1
yi
dy
(2− 7x)(1 − y)
x
δ
(
s− m˜2x
)
− m
3
c
8192π4T 41
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)y(1 − y)2
x3
δ
(
s− m˜2x
) (
u− m˜2y
)2
+
mc
8192π4T 21
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(3− 4x)y(1− y)2
x2
δ
(
s− m˜2x
) (
u− m˜2y
)2
− m
3
c
4096π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − y)2
y2
δ
(
u− m˜2y
)
+
3mc
4096π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy y(1− x)
− mc
16384π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy (1 − x+ y)(1 − y)2(3u− s)δ (s− m˜2x)
− mc
16384π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(2x− 1)(1− y)(5y − 3)
x
δ
(
s− m˜2x
) (
u− m˜2y
)
+
m2c〈q¯q〉
3072π2
〈αsGG
π
〉
∫ 1
yi
dy
(1 − y)2
y2
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
m2c〈q¯q〉
6144π2T 61
(
1− m
2
c
2T 21
)
〈αsGG
π
〉
∫ 1
yi
dy y(1− y)2δ (s−m2c) (u− m˜2y)2
− m
4
c〈q¯q〉
2304π2T 41
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − y)
x3
δ
(
s− m˜2x
)
+
m2c〈q¯q〉
768π2T 22
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − y)
y2
(
1− u
3T 22
)
δ
(
u− m˜2y
)
+
m2c〈q¯q〉
4608π2T 22
〈αsGG
π
〉
∫ 1
xi
dx (1− x)δ (u−m2c)
+
m2c〈q¯q〉
18432π2
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
8xy − 2x− 7y + 4
xy
δ
(
s− m˜2x
)
δ
(
u− m˜2y
)
14
+
〈q¯q〉
18432π2
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy (5y − 2)(3u− s)δ (s− m˜2x) δ (u− m˜2y)
− 〈q¯q〉
1024π2
〈αsGG
π
〉
∫ 1
yi
dy yδ
(
s−m2c
)
+
〈q¯q〉
12288π2T 21
〈αsGG
π
〉
∫ 1
yi
dy (5y − 3)(1− y)δ (s−m2c) (u− m˜2y)
+
m2c〈q¯q〉
768π2T 21
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
1− y
x2
δ
(
s− m˜2x
)
−mc〈q¯q〉
2
96π2
∫ 1
yi
dy (1− y)δ (s−m2c)+ mc〈q¯q〉264π2
∫ 1
xi
dx (1 − x)δ (u−m2c)
−mc〈q¯q〉〈q¯gsσGq〉
3072π2
∫ 1
yi
dy
(4 − 5y)
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
mc〈q¯q〉〈q¯gsσGq〉
9216π2T 21
∫ 1
yi
dy (1 − y)
(
−5 + 24s
T 21
)
δ
(
s−m2c
)
−mc〈q¯q〉〈q¯gsσGq〉
128π2T 22
∫ 1
xi
dx (1− x)
(
1 +
u
T 22
)
δ
(
u−m2c
)
−mc〈q¯q〉〈q¯gsσGq〉
1024π2
∫ 1
xi
dx δ
(
s− m˜2x
)
δ
(
u−m2c
)
−〈q¯q〉
3
48
δ
(
s−m2c
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
3072π2T 21
∫ 1
yi
dy
(1− 2y)
y
(
1 +
s
T 21
)
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
3mc〈q¯gsσGq〉2
3072π2T 82
∫ 1
xi
dx (1 − x)u2δ (u−m2c)
+
mc〈q¯gsσGq〉2
4096π2T 22
∫ 1
xi
dx
(
1 +
u
T 22
)
δ
(
s− m˜2x
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
4096π2T 22
δ
(
s−m2c
)
δ
(
u−m2c
)
−mc〈q¯gsσGq〉
2
294912π2T 21
∫ 1
yi
dy
96− 191y
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
5m3c〈q¯gsσGq〉2
36864π2T 61
∫ 1
yi
dy (1− y)δ (s−m2c)
−mc〈q¯gsσGq〉
2
6144π2T 22
∫ 1
yi
dy
1
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
7mc〈q¯gsσGq〉2
36864π2T 21
∫ 1
xi
dx
1
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
221184π2T 22
∫ 1
xi
dx
8− 37x
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
+
m3c〈q¯q〉2
1728T 61
(
1− m
2
c
2T 21
)
〈αsGG
π
〉
∫ 1
yi
dy (1− y)δ (s−m2c)
15
−m
3
c〈q¯q〉2
1152T 41
〈αsGG
π
〉
∫ 1
xi
dx
(1− x)
x3
δ
(
s− m˜2x
)
δ
(
u−m2c
)
−m
3
c〈q¯q〉2
1152T 62
(
1− m
2
c
T 22
)
〈αsGG
π
〉
∫ 1
xi
dx (1 − x)δ (u−m2c)
−mc〈q¯q〉
2
576T 22
〈αsGG
π
〉
∫ 1
yi
dy
(1− y)
y2
(
1− u
3T 22
)
δ
(
s−m2c
)
δ
(
u− m˜2y
)
−mc〈q¯q〉
2
1536T 22
〈αsGG
π
〉
∫ 1
xi
dx
1− 2x
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
+
mc〈q¯q〉2
1152T 21
〈αsGG
π
〉
∫ 1
xi
dx
3− 4x
x2
δ
(
s− m˜2x
)
δ
(
u−m2c
)
−mc〈q¯q〉
2
13824T 21
〈αsGG
π
〉
∫ 1
yi
dy
y + 2
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
−mc〈q¯q〉
2
3456T 22
〈αsGG
π
〉δ (s−m2c) δ (u−m2c) , (51)
ρ
D¯0Σ+c
QCD (s, u) = −
3mc
1024π6
∫ 1
xi
dx
∫ 1
yi
dy (1 − x)y(1− y)2 (u− m˜2y)2
+
〈q¯q〉
256π4
∫ 1
yi
dy y(1− y)2δ (s−m2c) (u− m˜2y)2
+
3m2c〈q¯q〉
128π4
∫ 1
xi
dx
∫ 1
yi
dy (1− x)(1 − y)
+
〈q¯gsσGq〉
512π4
∫ 1
yi
dy y(1− y)δ (s−m2c) (u− m˜2y)
+
m2c〈q¯gsσGq〉
1024π4
∫ 1
xi
dx
∫ 1
yi
dy (1− y)δ (s− m˜2x)
+
m2c〈q¯gsσGq〉
1024π4
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(6 − 13y)
y
δ
(
u− m˜2y
)
−m
2
c〈q¯gsσGq〉
1024π4T 41
∫ 1
yi
dy y(1− y)2 δ (s−m2c) (u− m˜2y)2
− mc
2048π4T 21
(
1− m
2
c
3T 21
)
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)y(1 − y)2
x2
δ
(
s− m˜2x
) (
u− m˜2y
)2
+
m3c
3072π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − y)2
y2
δ
(
u− m˜2y
)
− mc
1024π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy (1− x)(1 − y)
− mc
2048π4T 21
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
y(1− y)2
x
δ
(
s− m˜2x
) (
u− m˜2y
)2
+
mc
3072π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− 2x)y(1− y)
x
δ
(
s− m˜2x
) (
u− m˜2y
)
− mc
73728π4
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(y + 2)(1− y)2
y
(3u− s)δ (s− m˜2x)
16
−m
2
c〈q¯q〉
2304π2
〈αsGG
π
〉
∫ 1
yi
dy
(1− y)2
y2
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
〈q¯q〉
768π2
〈αsGG
π
〉
∫ 1
yi
dy (1 − y)δ (s−m2c)
+
m2c〈q¯q〉
1536π2T 22
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1 − x)
y
δ
(
u− m˜2y
)
+
〈q¯q〉
2304π2T 21
〈αsGG
π
〉
∫ 1
yi
dy y(1− y)δ (s−m2c) (u− m˜2y)
+
m2c〈q¯q〉
256π2T 21
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− y)
x
δ
(
s− m˜2x
)
− m
2
c〈q¯q〉
4608π2T 61
(
1− m
2
c
2T 21
)
〈αsGG
π
〉
∫ 1
yi
dy y(1− y)2δ (s−m2c) (u− m˜2y)2
+
m2c〈q¯q〉
1536π2T 22
〈αsGG
π
〉
∫ 1
xi
dx (1 − x)δ (u−m2c)
+
〈q¯q〉
9216π2
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy (1 + y)(3u− s)δ (s− m˜2x) δ (u− m˜2y)
+
m2c〈q¯q〉
3072π2
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
x
y
δ
(
s− m˜2x
)
δ
(
u− m˜2y
)
+
m2c〈q¯q〉
256π2T 21
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − y)
x2
(
1− s
3T 21
)
δ
(
s− m˜2x
)
+
m2c〈q¯q〉
256π2T 22
〈αsGG
π
〉
∫ 1
xi
dx
∫ 1
yi
dy
(1− x)(1 − y)
y2
(
1− u
3T 22
)
δ
(
u− m˜2y
)
−mc〈q¯q〉
2
32π2
∫ 1
yi
dy (1− y)δ (s−m2c)− mc〈q¯q〉296π2
∫ 1
xi
dx (1 − x)δ (u−m2c)
+
mc〈q¯q〉〈q¯gsσGq〉
384π2T 22
∫ 1
xi
dx (1− x)
(
1 +
2u
T 22
)
δ
(
u−m2c
)
+
mc〈q¯q〉〈q¯gsσGq〉
1536π2
∫ 1
yi
dy
25y − 14
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
−mc〈q¯q〉〈q¯gsσGq〉
768π2T 21
∫ 1
yi
dy (1 − y)
(
1− 6s
T 21
)
δ
(
s−m2c
)
−mc〈q¯q〉〈q¯gsσGq〉
4608π2
∫ 1
xi
dx
9− 2x
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
−mc〈q¯q〉
2
576T 21
〈αsGG
π
〉
∫ 1
xi
dx
1
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
−mc〈q¯q〉
2
1152T 22
〈αsGG
π
〉
∫ 1
yi
dy
1
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
−mc〈q¯q〉
2
1152T 22
〈αsGG
π
〉δ (s−m2c) δ (u−m2c)
−mc〈q¯q〉
2
576T 21
〈αsGG
π
〉
∫ 1
xi
dx
1− x
x2
(
1− s
3T 21
)
δ
(
s− m˜2x
)
δ
(
u−m2c
)
17
−mc〈q¯q〉
2
192T 22
〈αsGG
π
〉
∫ 1
yi
dy
1− y
y2
(
1− u
3T 22
)
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
mc〈q¯q〉2
6912T 22
〈αsGG
π
〉
∫ 1
xi
dx
1− 2x
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
−mc〈q¯q〉
2
2304T 21
〈αsGG
π
〉
∫ 1
yi
dy
1− 2y
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
m3c〈q¯q〉2
576T 61
(
1− m
2
c
2T 21
)
〈αsGG
π
〉
∫ 1
yi
dy (1− y)δ (s−m2c)
+
m3c〈q¯q〉2
1728T 62
(
1− m
2
c
T 22
)
〈αsGG
π
〉
∫ 1
xi
dx (1− x)δ (u−m2c)
+
〈q¯q〉3
72
δ
(
s−m2c
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
2048T 22
δ
(
s−m2c
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
512π2T 21
∫ 1
yi
dy δ
(
s−m2c
)
+
m3c〈q¯gsσGq〉2
3072π2T 61
∫ 1
yi
dy (1− y)δ (s−m2c)
−mc〈q¯gsσGq〉
2
18432π2T 21
∫ 1
xi
dx
1
x
δ
(
s− m˜2x
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
36864π2T 22
∫ 1
xi
dx
9− 2x
x
(
1 +
2u
T 22
)
δ
(
s− m˜2x
)
δ
(
u−m2c
)
+
mc〈q¯gsσGq〉2
3072π2T 21
∫ 1
yi
dy
6− 13y
y
(
1 +
s
T 21
)
δ
(
s−m2c
)
δ
(
u− m˜2y
)
−mc〈q¯gsσGq〉
2
9216π2T 22
∫ 1
yi
dy
1
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
mc〈q¯gsσGq〉2
147456π2T 21
∫ 1
yi
dy
379y − 326
y
δ
(
s−m2c
)
δ
(
u− m˜2y
)
+
m3c〈q¯gsσGq〉2
1536π2T 62
(
1− m
2
c
T 22
)∫ 1
xi
dx (1 − x)δ (u−m2c) , (52)
ρ
J/ψN,1
QCD (s, u) = −
mc
2048π6
∫ xf
xi
dxu2 − mc〈q¯q〉
2
12π2
∫ xf
xi
dx δ (u)
+
〈q¯gsσGq〉
9216π4
∫ xf
xi
dx (1 + x)uδ
(
s− m˜2c
)
+
7mc〈q¯q〉〈q¯gsσGq〉
192π2T 22
∫ xf
xi
dx δ (u)
+
mc〈q¯q〉〈q¯gsσGq〉
576π2
∫ xf
xi
dx
3x− 5
x
δ
(
s− m˜2c
)
δ (u)− mc
1024π4
〈αsGG
π
〉
∫ xf
xi
dx
− mc
9216π4
〈αsGG
π
〉
∫ xf
xi
dx
1
x(1 − x)u
(
1− u
T 21
)
δ
(
s− m˜2c
)
− mc
6144π4T 21
〈αsGG
π
〉
∫ xf
xi
dx
1
x2
(
1− m
2
c
3xT 21
)
u2δ
(
s− m˜2c
)
+
m3c〈q¯q〉2
108T 41
〈αsGG
π
〉
∫ xf
xi
dx
1
x3
δ
(
s− m˜2c
)
δ (u)
−mc〈q¯q〉
2
432T 22
〈αsGG
π
〉
∫ xf
xi
dx
1
x
δ
(
s− m˜2c
)
δ(u)
18
+
mc〈q¯q〉2
216T 21
〈αsGG
π
〉
∫ xf
xi
dx
6x2 − 13x− 6
x2(x− 1) δ
(
s− m˜2c
)
δ (u)
+
mc〈q¯gsσGq〉2
4608π2T 22
∫ xf
xi
dx
7− 4x
x
δ
(
s− m˜2c
)
δ (u)
+
mc〈q¯gsσGq〉2
221184π2T 21
∫ xf
xi
dx
61x+ 40
x(1 − x) δ
(
s− m˜2c
)
δ (u) , (53)
ρ
J/ψN,2
QCD (s, u) =
1
2048π6
∫ xf
xi
dx
[
xs+ x(1 − x) (s− m˜2c)] u2
+
〈q¯q〉2
12π2
∫ xf
xi
dx
[
xs+ x(1 − x) (s− m˜2c)] δ (u)
−7〈q¯q〉〈q¯gsσGq〉
192π2T 22
∫ xf
xi
dx
[
xs+ x(1 − x) (s− m˜2c)] δ (u)
+
〈q¯q〉〈q¯gsσGq〉
144π2
∫ xf
xi
dx
[
sδ
(
s− m˜2c
)
+ 1
]
δ (u)
+
m2c
18432π4T 21
〈αsGG
π
〉
∫ xf
xi
dx
[
1
x2
(
1− s
T 21
)
+
1
x
]
u2δ
(
s− m˜2c
)
+
1
1024π4
〈αsGG
π
〉
∫ xf
xi
dx
[
xs+ x(1− x) (s− m˜2c)]
+
1
2304π4
〈αsGG
π
〉
∫ xf
xi
dx
[
sδ
(
s− m˜2c
)
+ 1
]
u
+
1
36864π4
〈αsGG
π
〉
∫ xf
xi
dx
[
1 +
s
T 21
− s
2x(1− x)T 21
]
u2δ
(
s− m˜2c
)
+
m2c〈q¯q〉2
108T 21
〈αsGG
π
〉
∫ xf
xi
dx
[
1
x2
(
1− s
T 21
)
+
1
x
]
δ
(
s− m˜2c
)
δ (u)
+
〈q¯q〉2
216T 22
〈αsGG
π
〉
∫ xf
xi
dx sδ
(
s− m˜2c
)
δ (u) +
〈q¯q〉2
216T 22
〈αsGG
π
〉
∫ xf
xi
dx δ (u)
+
〈q¯q〉2
216
〈αsGG
π
〉
∫ xf
xi
dx
[
1 +
s
T 21
− s
2x(1− x)T 21
]
δ
(
s− m˜2c
)
δ (u)
−3〈q¯gsσGq〉
2
2304π2T 22
∫ xf
xi
dx
[
sδ
(
s− m˜2c
)
+ 1
]
δ (u)
+
〈q¯gsσGq〉2
110592π2
∫ xf
xi
dx
[
7− 44s
T 21
− 14s
x(1− x)T 21
]
δ
(
s− m˜2c
)
δ (u) , (54)
where xf =
1+
√
1−4m2c/s
2 , xi =
1−
√
1−4m2c/s
2 , m˜
2
c =
m2c
x(1−x) in Eq.(50) and Eqs.(53)-(54), xi =
m2c
s ,
yi =
m2c
u , m˜
2
x =
m2c
x , m˜
2
y =
m2c
y in Eqs.(51)-(52),
∫ xf
xi
dx → ∫ 1
0
dx,
∫ 1
xi
dx → ∫ 1
0
dx and
∫ 1
yi
dy →∫ 1
0
dy, when the δ functions δ(s− m˜2c), δ(s− m˜2x) and δ(u− m˜2y) appear.
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